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Abstract. Let E = U'^i[a2j_i,a2j], ai < 02 < ... < 02;, I > 2 and set 
aj(oo) — (tJi (00), aj;_i(oo)), where tjj(oo) is the harmonic measure 
of [a2j-i, a2j] at infinity. Let fi he a, measure which is on E absolutely 
continuous and satisfies Szego's-condition and has at most a finite num- 
ber of point measures outside E, and denote by (Pn) and (Qn) the or- 
thonormal polynomials and their associated Weyl solutions with respect 
to dfi, satisfying the recurrence relation ^/X2+^yi+n = {x — q:i+„)i/,i — 
^Ai+toJ/_i+„. We show that the recurrence coefficients have topologi- 
cally the same convergence behavior as the sequence (na;(oo))„gN mod- 
ulo 1; More precisely, putting {oi[~^\, \2~+i,) = (a[i:zi]+i+„, ai+„,..., 

Q_[l^]+i+„,^[i^l+2+n. ■••,^2+n, . . . , A_ ^ ^-i , ^2_^„ ) we prove that {c^[+i^., 

)i/eN converges if and only if (n^aj(oo))^gN converges modulo 1 
and we give an explicit homeomorphism between the sets of accumu- 
lation points of {ct'ilf}„, and (naj(oo)) modulo 1. As one of the 
consequences there is a homeomorphism from the so-called gaps Xj~j; 
{[a2j,a2j+i]'^U[a2j,a2j+i]~) on the Riemann surface = YtjLi{x — cij) 
into the set of accumulation points of the sequence {ct\^\^, \2+n) if the 
harmonic measures aji(oo), ...,tJi_i(oo), 1 are linearly independent over 
the rational numbers Q. Furthermore it is demonstrated, loosely speak- 
ing, that the convergence behavior of the sequence of recurrence coef- 
ficients {a\^^, ^2^n) ^^'^ sequence of zeros of the orthonormal 
polynomials and Weyl solutions outside the spectrum is topologically the 
same. The above results are proved by deriving first corresponding state- 
ments for the accumulation points of the vector of moments of the diago- 
nal Green's functions, that is, of the sequence (J xP^dfi, J x^'^ P^d/j,, 

V^i + n J xPl+nPnd^, M+n J x''~^ Pl + „P„dfl) . 
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1. Introduction 

Let / G N and G M for A; = 1, 21, oi < 02 < ... < 02;. Put 
I 21 

E = [J Ek, where E^ = [a2k-i, 02^], and H{x) = JJ(x - o^) 
k=i j=i 



and henceforth let us choose that branch of ^/H for which H(x) > for 
X G {a2i,oo). For convenience we set 



{VHr{x)-{VHr{x) 



(1) h{x) := { 2i 
elsewhere 



(-1)'-Vl^(^)l for X G 



where, as usual, f^{x) denote the limiting values from the upper and lower 
half plane, respectively. Note that {\/T{)~{x) = —{^/H)^{x) for x ^ E. By 
(j){z,zo) we denote a so-called complex Green's function for C\E uniquely 
determined up to a multiplication constant of absolute value one (chosen 
conveniently below), that is, (p{z,zo) is a multiple valued function which is 
analytic on C\E up to a simple pole at z = zq, has no zeros on C\E and 
satisfies |(/>(z, zq)! — )• 1 for z — >• x G or in other words log \(j){z, zo)\ is the 
(potential theoretic) Green's function with pole at z = zq £ C\E, as usual 
denoted by g{z, zq). In the case under consideration, as it is known IM]. 
a complex Green's function may be represented as 

dx \ 

(2) (j){z) := 0(2:, 00) = exp ( / rooix)- 



{z, 00) = exp / 

\Ja2 



,a2i \/H{x) I 

where Too is the unique monic polynomial of degree / — 1 such that 

(3) / roo(x)^== = Ofor j = 0,...,/-l; 
hence 

i-i 

(4) roo(a;) = JJ(x - Cj), G (a2j, a2j+i),i = 1, 1. 

i=i 

Recall that the so-called capacity of E is given by 

2; 

(5) cap{E) = lim — 

2-i>oo 0(z,OO) 

The density of the equilibrium distribution of E, denoted by p, becomes 

By uj{z, B, C\E) we denote the harmonic measure ot B (1 E with respect 
to C\E at z, which is that harmonic and bounded function on C\Ei which 
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satisfies for £ Ei that limz-^^uj{z, B,C\Ei) = isiOj where is denotes the 
characteristic function of B. For abbreviation we put 

uj{z,Ek;C\E) = Wfc(z). 

Recall that, k = 1, /, 

ojk{cc) = / p{x)dx. 

In the following we say that the function w \s oxi E from the Szego-class, 
written w G Sz(£'), if 



(7) / log {'w{x)) p{x)dx > —oo. 

Je 

In this paper we consider positive measures of the form 



(8) dp{x) = w{x)dx + p-jSdj (x) 

i=i 

where w E Sz{E), the mass points dj, j = l,...,m, are from M\E and 
mutually disjoint and fij G M"*". By Pn we denote the polynomial of degree 
n orthonormal with respect to w i.e., 

Pm{x)Pn{x)dp{x) = 5m,n 

E 

and the monic orthogonal polynomial are denoted by Pn{x)- It is well known 
that the monic orthogonal polynomials satisfy a three term recurrence rela- 
tion 

(9) Pn{x) = {x- Q!„)p„_i(x) - \nPn-2{x) 

with := and po{x) = 1. For measures of the form ([8]) it follows, 

see pOi Cor. 6.1] (in fact more general sets E and measures are considered 
there), that the recurrence coefficients are almost periodic in the limit, more 
precisely, that there exist real analytic functions a and A on the torus [0, 
and a constant c G depending on the measure p, such that 

(10) an+i = a{nu{co) — c) + o(l) and \n+2 = A(na;(oo) — c) + o(l), 

where a;(cxD) = (a;i(oo), u;/_i(oo)); for more details see the remark follow- 
ing Proposition 12.31 below. By (jlOp one gets a first, quite good view into the 
convergence behavior of the a^'s and An's, but by far not a complete one, 
since the functions a and A and their mapping properties are not known. 
The more it is not clear whether the recurrence coefficients and {u{oo))n^n 
modulo 1 have the same topological convergence behavior; that is, that 
subsequences converge simultaneously and that there is a homeomorphism 
between the set of accumulation points. The goal of this paper is to show 
that, under a proper point of view, there is such a topological equivalence; 
also between the recurrence coefficients and the zeros of the polynomials 
and Weyl solutions outside the spectrum. As an immediate consequence 
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it follows that the problem of convergence of the recurrence coefficients is 
topologically equivalent to the classical problem in number theory to find 
diophantic approximations of the harmonic measures uj{oo), [22\ V. Kapitel], 

Instead of continuing to study the accumulation points of the recurrence 
coefficients with the help of (jlOp . which looks rather hopeless, we may also 
investigate that ones of the sequences of moments of the diagonal Green's 
functions, that is , (/ xP^, J xP„+iP„, / x'^P^, ^/\n+2 J x'^Pn+iPn, 

/ x"^P^, \J An+2 / x'^Pn+iPn, --OnGN sincc it Can be shown (see Proposition 
15. 2p that there is a unique correspondence between such vectors of moments 
and the vector of recurrence coefficients (..., a^ m-i j 1 1 1 i 2 i c>^i+n, 

X2+n,---, X [ "i-i ] I 2 I rt' [ m-2 j I X I •••)• f^^t it even suffices to consider 
the truncated vector sequence (/ xP^, \J A„+2 / xPn+iPn, f x''~^P^, 
■sj An+2 / x^~^Pn+\Pn)n&i sincc, by Corollarv I2.5| it carries all information 
already. We show (Theorem 13. 2t concerning the recurrence coefficients see 
Theorem 15. 3p that there is a homeomorphism between the set of accumu- 
lation points of the truncated vector sequence of moments (respectively, of 
recurrence coefficients) and of the sequence (no; (00)) modulo 1 and that 
convergence holds for the same subsequences. In particular this implies that 
the set of accumulation points of the truncated vector sequence of moments 
is homeomorph to a / — 1 dimensional torus if the harmonic measures are 
linearly independent over Q, where the homeomorphism is given explicitly 
even. 

Also of special interest is the fact that there is a unique correspondence 
between the accumulation points of the discussed truncated vector sequence 
of moments and the accumulation points of zeros of the orthogonal polyno- 
mials and Weyl solutions outside the spectrum, see Theorem 14.31 

Next let us represent the weight function w in the form 

(11) = ^ 



and let Wo(^;) be that function which is analytic on ^ := C\E, has no zeros 
and poles there, is normalized by >V(oo) > and satisfies the boundary 
condition 



(12) woix) = l/W+{x)Wo{x). 

For fj, of the form ([8]) with w G Sz{E) it has been shown that Pn/4'"' is 
uniformly asymptotically equivalent to the solution of a certain extremal 
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problem, more precisely, that on compact subsets of := ...,dm} 
(13) 

1/2 



Pn{z) UWoiz)^ (Z) 



' n 0(^;Ci) n (Piz;xj^n)^^'- Uiz-Xj,n) ^ 

roo{z) 



n nz;dj) 

J=l \ ) 

where C/ is a constant and the points x^^n and the G {±1} are uniquely 
determined by the conditions that for /c = 1, — 1 

(14) 

5,, „a;,(x,, „) = - (2n - / + l)..,(oo) " ^ log ^^^^ 

m 

+ 2 ^^a;fc(cij) modulo 2, 

j=i 

recall that ^^(x) := uj{x\ E^, 0) is the harmonic measure of Ek with respect 
to Q at the point x and is the normal vector at ^ pointing in the upper 
half plane. It turns out that xj^n G [o2j, 02j+i] for j = 1, — 1 and thus 

l-i 

(15) g(_n){x;w) ■■=g(n){x) ■=W{X - Xj^n) 

has exactly one zero in each gap [a2j, a2j+i], 3 = 1, ^ — 1. The asymptotic 
representation ([13]) is due to Widom [311 Theorem 6.2, p. 168 and pp. 175- 
176] if there appear no point measures, i.e., if m = 0. The case of point 
measures has been first studied in ^23j for two intervals. Asymptotics for 
more general sets (so-called homogeneous sets) and measures, including the 
above ones, have been given by P. Yuditskii and the author in [2^ I21j . 
The so-called Weyl solutions or functions of the second kind 

(16) Qn{y) = [ ^""^^^ dn{x), respectively, Q„(y) = f ^""^^^ dn{x) 

build another basis system of solutions of the recurrence relation (j9]) . In \20\ 
Section 3] also asymptotics for Weyl solutions have been derived, more pre- 
cisely, using the terminology of this paper, the following uniform asymptotic 
equivalence on compact subsets of has been shown 
(17) 



Qn{z) 



n (t>{z;dj) , .1/2 

i=i / 9{n)Kz) \ 



\Sj.n 



uWoiz)r+Hz) \r^{z) Hz; c,) W%\ Hz- X,, „) 

where WoQn is denoted by /i„ respectively h in [2(1]. 

Finally we mention that other questions about finite gap Jacobi matrices 
are under investigations by J.S. Christiansen, B. Simon and M. Zinchenko 
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[3j and that a huge part of the forthcoming book by B. Simon [27j, see 
also [26], is devoted to this topic. The approach is based on automorphic 
functions similarly as in j^HlEIlEH] and is different from that one used here. 

2. ASYMPTOTICS FOR PRINCIPAL AND SECONDARY DIAGONAL GrEEN'S 

FUNCTION 

The diagonal matrix elements of the resolvent {J — z)~^ are the so-called 
Green's functions G{z, n, m) = {6n, {J — z)~^6m), where as usual J denotes 
the Jacobi matrix associated with (aj) and (Aj). More precisely using the 
orthogonality of P„, respectively, Pn+i one obtains 

(18) Pn{z)Qn{z) = [ ^^dfi{x) =: G{z,n,n) 

J z - X 

(19) Pn{z)Qr.+i{z) = J ^^I^±M^dfi{x) =: Giz,n + l,n) 
and 

(20) P„+i(z)Q„(z)= /'^^^±iM^d/x(a:) + ^^=:G(z,n,n+l). 

J Z X ^ A„+2 

Recall that in the case under consideration the A^'s are bounded away 
from zero. Using Schwarz's inequality it follows that the three sequences 
{PnQn), (PnQn+i) and (Pn+iQn) are bounded and analytic on compact sub- 
sets of M\supp(^), hence they are so-called normal families. Combining ()13p 
and (|17p we obtain with the help of ([2]) the following asymptotics for the 
diagonal Green's function. 

Corollary 2.1. Let ^ be given by (|8]) with w G Sz{E). Then uniformly on 
compact subsets of there holds 

(21) {PMiz) = ^^ + o{l). 

For weight functions of the form v{x)p{x)dx plus a possible finite number 
of mass points outside [ai,a2z], where v is positive and analytic on the 
limit relation (I2ip has been derived recently in [3^ independently from the 
above asymptotics (fT3]l and (fTTl) . 

To derive the asymptotic representations of G(z, n+l,n) and G{z, n, n+1) 
we will make use of Abel's Theorem and the solvability and uniqueness of 
the real Jacobi inversion problem. For this reason we have to write Widom's 
condition (I14p in terms of Abelian integrals, which we will do similarly as 
in 13 EU], see also [I]. 

Let denote the hyperelliptic Riemann surface of genus / — 1 defined by 
y'^ = H with branch cuts [ai, 02], [02, 03], ... ,[021-1,021]- Points on D\ are 
written in the form 3 and z denotes the projection of 3 on C also written 
pr(3) = z. Furthermore we also use the notation pr(j:) = x and pr(t)) = y. I 
and 3* denote the points which lie above each other on i.e. pr(3) = pr(3*). 
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The two sheets of are denoted by IH"^ and IH^. To indicate that 3 hes on 
the first respectively second sheet we write 3^ and 3". On 9^"*" the branch 
of is chosen for which H{f~^) > for p"*" > 02/- 

Furthermore (see e.g. [151 EH]) let the cycles {aj,/3j}^~\ be the usual 
canonical homology basis on V\, i.e., the curve aj lies on the upper sheet 9^+ 
of and encircles there clockwise the interval Ej and the curve Pj originates 
at a2j arrives at a2i-i along the upper sheet and turns back to a2j along the 
lower sheet. Let {ipi,.. ipi-i}, where ipj = ~\ ej,s—X=d^, e,-,^ e C, be 

a base of the normalized Abelian differential of the first kind, i.e., 

(22) / Lpk = 2T:i5jk and / ipk = Bjk for j, A; = 1, 1 

J aj J 13 j 

where 6jk denotes the Kronecker symbol here. The integrals in (|22p are the 
so-called periods. Note that the ej^nS are real since ^/H is purely imaginary 
on Ej and since is real on M\ the symmetric matrix of periods (Bj^k) 
is real also. 

Abelian differentials of third kind are differentials with simple poles at 
given points p and \) on 9\ with residues +1 and —1, respectively, and nor- 
malized such that integrals along the 0^— cycles vanish for k = 1, — 1. 

Representing the differential (ilog(/>(z, c), c G M\E, as linear combinations 
of normalized Abelian differentials of first and third kind (recall that (/>(•, c"*"), 
where c = c"*", has a pole at and a zero at c~ since the analytic extension 
of the complex Green's function to the second sheet is given by (/'(3~, c"*") = 
l/(/>(3"'", c"*")) one obtains by integrating along the aj and /3j cycles that 

,+ l-l 

(23) / ipj = ^u;,{c)B,,. 

K=l 

Similarly (see |18j for details) , since the analytic extension of the harmonic 
measure 

(24) Wk = iOk + iiol on DX^ and Wk = —cok + i^l °^ ^ 

is just another basis of Abelian differentials of first kind, fj can be repre- 
sented as linear combination of the Wk's. Integrating along the cycle, 
KG {!,...,/ — 1}, and recalling the fact that the integral along a P^-cycle is 
the difference of values along the cycle, which is Ef^, we obtain by (|24 
that 

l-l 



'' K=l 



Hence, using the fact that u}k{z) = 1 on Ef^, k G and thus by the 

dn 



Cauchy-Riemann equations dw^iz) = i^^ds, we get 
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Notation 2.2. Let [a2j,a2j+i]^ denote the two copies of [a2j,a2j+i], j = 
— 1 in 9^^. Note that [a2j,a2j+i]^ U [a2j,a2j+i]~ is a closed loop 
on *H and thus Xj~^ ([a2j, a2j+i]^U [a2j,a2j+i]~) is topologically a / — 1 
dimensional torus. 

By and ^Ei) Widom's condition (fHI) becomes, 

^zZ fk = -{n 7^) v'fc - - / V^fc log 

26 ' 

+ / ifk mod periods 

where pr(fj_„) = Xj,„ and G fH<5j," := for = ±1; recall that fj^n 
and f*^„ lie above each other. Furthermore pr(O^) = dj. 

Next we note that (l26l) can be considered as so-called Jacobi inversion 



problem, that is, for given (r/i, S Jac 9^, where Jac 91 denotes the 

Jacobi variety of (that is the quotient space C^~^\{2Tri'rt + Br^), B = 
{BjjS) the matrix of periods, it G Z'^^) find 31, G such that 



/ = Vk mod periods, 



where ci,...,ei_i are given points on In this paper the rjj^s are real al- 
ways, that is, we deal with the real Jacobi inversion problem. Denoting by 
Jac := M'^^/i?r?t the Jacobi variety restricted to reals, the following 
important uniqueness property of the real Jacobi inversion problem holds 
(see e.g. [IHIE]): The restricted Abel map 

(27) 

A : X'r\([a2j, a2j+i]+ U [a2j, a2j+i]~) ^ Jac D\/R 



ij i — i rij 



is a holomorphic bijection. 

Now let us show that the solutions pi^^i ■■■,Ti-i,n of ([26|) can be described 
uniquely with the help of two polynomials which is crucial in what follows. 

Proposition 2.3. a) Let g(n)y n €zN, be given by (|15p . There exists a monic 
polynomial /(n+i) of degree I such that 

(28) (x) - H{x) = Lng(n+i) {x)9{n) (3^) 

with 
(29) 

/(n+l)(a^i,n) = -^3,n\l H{xj^n) and f {n+l){x j ;n+l) = -5j,n+l\J H{xj^n+l) 
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where xj^n, xj^n+i, Sj^n, Sj^n+i are given by (fl^ and G M is given below. 
Moreover f(n+i) can be represented in the form 

(30) (x) = \ x + Xj^n - ci g(n) W- Z^ — 



J-- 



7l 9[n)^^hn){x Xj^n) 



where c\ is given by H{x) = x^^ — 2cix'^^ ^ + 
Furthermore 



(31) 
and 



Lng(n)iz)g(n+l){z) 




l-l 



(32) ... = 4(cap,E))= n J^^ff^^ = 4A„«,1 + „(!)) 

6^ To eac/i solution (ji^ni •••) P«-i,n) o/ ([26]) there corresponds a unique 
pair of polynomials {(/(n)^ /(i+n)) given by (fT5]l and by (f30]l wii/i \/ H{ij.n) = 

Sj,n^/H{xj^n)- 

Proof, a) Let us write p^^^" := pj for = ±1. Considering for n and 
n + 1 and substracting both equations we obtain that 



/—I + /—I ~* 



(/jjt, A: = 1, 1. 



Thus it follows from Abel's Theorem that there is a rational function TZn on 
the Riemann surface with the following properties 

oo^ is a double pole (zero) 

(33) ^J,n+i^ ^ simple zero (pole) 
^Jn '"'^^ is a simple pole (zero). 

Thus TZn can be represented in the form 

(34) 7^. = ^4^^±^)±^, 

where f(n+i) is a polynomial of degree / and -L„ is a constant, since the 
function at the RHS in ()34p satisfies psp and has no other zeros or poles 
on 9\ as can be checked easily. Since the points p^- ^J^-^^ and p^- are real 
the rational function TZnil) has the same properties (l33|l as 7^n(3), hence 
TZn(S) = TZnil) and therefore /(n+i) has real coefficients and L„ G M. Taking 
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involution, denoted by 3*, we obtain by ()33ll 

(35) :^=7^„(3--^^^-^^^"^^' 



^n9(n)9(n+l) 

and thus, by multiplying ([35]) and (|3i|) . relation ([28|) - (f29|) . Concerning ([29 
note that ^JH{f) = 5y^H{x). 
Next let us note 

-{Vh)-{x) = {Vh)+{x) = ^i-ly-''^/\H{^\ for x e Ek 

and therefore by 1^ and ([281) 

|7^=^(x)| = 1 for X E ^. 



Thus the function 



02(2;; 00) ^ijL „+i)'5j'."+i 

has neither zeros nor poles on J7 and satisfies \F^\ = 1 on E. Hence log 

is a harmonic bounded function on Q which has a continuous extension to 

E and thus F = 1, which proves pip . 

Considering (j3ip at z = 00 the first relation in (j32p follows. Next denote 
by lc{Pn) the leading coefficient of P^- Obviously Xn+2 = / Pn+i/ J Pn — 
{lc{Pn)/lc{Pn+i)f . Using the fact that /c(P„) = lim Pn{z)/z'' it follows by 

z— >oo 

()13p . in conjunction with ([5]), that the last equality in (j32p holds. 

Relation (j30p follows by (j29p . note that the second term at the RHS of 
()30p is the unique Lagrange interpolation polynomial which takes on at Xj^n 
the value —6j^n\/ H{xj^n), and by equating the first two leading coefficients 
in gSI- 

b) follows immediately by a). □ 

We note in passing that (I32p . which may be derived from (I13p also, is the 
so-called trace formula for Xn+2 and that the other trace formula —a-n+i = 
'}2^j=\_Xj,n — ci + 0(1) follows immediately by (fTHl) . (f2T]) and by equating 
coefficients of x'^^ in (I30p . By (I26p and (I27p the Xj,„'s may be expressed with 
the help of the Abel map from which representation (jlOj) can be obtained. 

For measures from Q defined in Corollary 13.4] which are so-called 
reflectionless measures (note that the set of Jacobi matrices associated with 
the set of measures Q is the so called isospectral torus) , Proposition 12.31 is 
essentially known |13[ 1551 fT^l [52] apart from the important relation (j3ip . 
But the way of derivation is exactly the opposite one. First one shows that 
certain polynomials, which are expressions in Fade approximants, satisfy 
(|28p - (j3Up - to find the corresponding polynomials in the general case seems 
to be hopeless, if they exist at all - and then one derives the correspondence 
with the solutions of (l26l). 
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Theorem 2.4. Let /i he given by ^ with w £ Sz{E). Then uniformly on 
compact subsets of ft there holds 



(36) 2./)^2PnQn+l = ^^"""'^^ ^ + o(l 



(37) 

and on compact subsets of C\ [ai,a2i] 



2y^2Pn+lQn = ^(^^+1) + ^ + o(l 



(38) 2^2^ = ^^"+1^ ^ + 0(1) 

-Tn 5(n) 

/on\ /" ^ ^ ^ A Qn+l{z) f(n+i){z)-y/H{z) 

^''^ j—x'' ^^^ = ^^;:(^ = — ^) — 

where ^("-+1) denotes the measure associated with the m + 1 forwards shifted 
recurrence coefficients (a„+m+i)ngN and (A„+m+2)neN- 

Proof. Concerning relation (j36p . Plugging in the asymptotic values for 
and Qn+i from ()13p and (|17p and recahing the fact that 4> / = f^/\fH the 
asymptotic relation follows immediately by ()3ip and ()32p . 

Analogously ([37|) is proved. (f39|) and ()38|) follow immediately by (f36|) and 
Corollary 12.11 respectively (I37p and Corollary 12.11 □ 

Corollary 2.5. /n a neighborhood of x = let 



■J 



j=0 

.21TT/1- 



where H*{x) = x H{-) is the reciprocal polynomial of H. Then the follow- 
ing limit relations hold for m > I 



lim||^/.,|r~^p2j ^0 



(40) 

and for m > I + 1 

(41) lim 

n 

Proof. By (12 ip and (llSp it follows that in a neighborhood of x = 

(42) ||^( J j ^ ^*^^(^) + 

Equating coefficients for m > / relation ()40p follows. 



^im (^hrn + 2j2^ hj^/X^ J t""'-^ Pi+np}j = 
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Concerning the second relation we get by (I36|) that 

(43) ^/mx) + 2^^(71^ j t^Pl+nPn)x^^^ = /(Vn)(^) + ^(1) 

which proves (IIT]) . □ 



Most hkely the hmit relations ()40p and (14 ip hold for measures a whose 
essential support is E. For the subclass of measures ;U G ^ it can be shown 
by a different approach, that (jiO|l and (flT|l hold for m = ^ and m = / + 1, 
respectively, without limit even, see also |13l where the relations are 
derived in terms of recurrence coefficients for / = 2,3. 

3. Accumulation points of moments of the Green's functions 



By series expansion of \/^jH{z) at z = oo 



1 I r I dt 



(44) CnZ , , 

' ^/W) ^h^-t h{t) 

for z £ C\E, where the last equality follows by the Sochozki-Plemelj formula. 
In particular 

P doc f* dx 

(45) / x^— ^ = for j = 0,...,Z - 2 and CO = / ^ = 1. 

Je Kx) Je K^) 

Hence the following lemma holds. 

Lemma 3.1. a) Let G M 6e given. There exists an unique 

i-i 

polynomial P{x) = ^ PuX^ with pi-i = 1 such that 

(46) / x^P{x)^ = A, for j = !,...,/-!. 

JE "-l^j 

h) Let Bi, Bi_i G M 6e given. There exists an unique polynomial Q{x) of 
degree I with two fixed leading coefficients such that 

dx 
h{x) 

Now we are ready to state our first main result. 
Theorem 3.2. Let fi be given by (|H]) and let w £ Sz{E). a) The subse- 
quence of solutions ivi,n^, ■■■,Tl-i,n„)i/&N of d^ni) converges if and only if 

if xPn^dn, f X^-'^P^Jfl, v^A2+„, J xPi+n^Pn^dfX, ^/X^^ J X^'"" Pi+n^ 

Pn^dfj.)i^tzfq converges. 

Furthermore, the map r, given by 

(/* dx /* dx 



(47) / x^Qix)-;^ = Bj for j = 1, I - 1. 



x^-^G{x) 



(48) 



h{xy 



xF{x) dx f x' ^F{x) dx 



h{x)'"''JE 2 h{x] 
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where, 
(49) 



ci as in (I30p and 6jy^H{yj) = y^ir{\)j), is a homeomorphism between the 
set of accumulation points of the sequence of solutions ^i-i^n)neN of 

(j26|) anc? o/ i/ie sequence (J xP^dfi,..., J x'-^^P^dfi, \J A2+n / x Pi+„P„d/i, 

■••) \/ A2+n / X^^^P\^nPnd^)nm 

b) If 1, a;i(oo), a;/_i(oo) are linearly independent over Q, i/ien t is a 
homeomorphism from Xj~J ([a2j, a2j+i]'''U [02^,02^+1]") into i/ie set 0/ ac- 
cumulation points of {f xP^dfi,..., J x^~^P^dfi, ^ A2+n / ^Pi+nPnd^i, 

Proof. At the beginning let us observe that the map r is a continuous one to 
one map from Xj~J ([02^, a2j+i]^ U [02^,02^+1]") on its range. Indeed, recall 
first the obvious fact that there is a unique correspondence between a point 
X) G Xj-J ([a2j,a2j+i]+ U [02^,02^+1]-) and {y,5^H{y)) = (pr(t)), ^/^(o)), 
where 5 = ±1 if t) G Since the polynomial F{x) — {x + i^Vj — ci)) • 
G{x) is the unique Lagrange interpolation polynomial of degree I — 2 which 
takes on at the yj's the values —5jy^H{yj), it follows that there is a unique 
correspondence between the points {t)i, t}i_i) and the polynomials (G, F), 
defined in ()49p . By Lemma l3.1l the observation is proved. 

a) Necessity of the first statement. Let (yi,n„) ■■■,Ti-i,n,Ju€^ be a sequence 
of solutions of ([26|) with limit (t)i, Oz-i)) that is, j = 1, — 1, 



and JF(xj-„J — > 6jJH{yj). 



By Proposition 12.31 it follows that there are unique polynomials and 
/(i+n^) such that uniformly on Q 

(50) g(n,){x) — > G{x) and /(i+„,)(x) — ^ F{x), 

where for the second relation we took ()30p into account and that G and F 
are given by (H9l) . 

Next it follows by Corollary 12.11 and (I50|) that uniformly on compact 
subsets of 

^nl(^), , , G(Z) 



f (x) 

lim (z) = lim / — dn{x 

, , V V \ z — X 

(51) 



7^ 



1 /■ G(x) dx 



TT Je Z — X h{x) 
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where the last equaUty follows by the Sochozki-Plemelj's formula using the 
fact that G G Pj-i- Analogously we obtain by Theorem 12 . 41 that 

limv/WP„,Qi+„,(z) =limyw: / 

f V J Z — X 

^^^^ _ F{z) - y^H{z) _ 1 f F{x) dx 



2^/H{z) 2Tr JEZ-xh{x) 

where the last equality follows by Sochozki-Plemelj again and the fact that 
— 1 + [F / ^fH){z) = O(^) as z — )• oo, since has this property by ([28|) . 

Moreover the first / — 1 coefficients of the series expansions in (jSip and ()52p 
converge which proves the necessity part of the first statement of a). 
Furthermore, by ()5ip and (j52p we have shown also, that 



is in the range of the restricted map r/ whose domain is the set of accumu- 
lation points of the solutions of (I26p . 

Sufficiency of the first statement of a). Suppose that lim (J xP^^,..., 

/x'-l P2^, v^A2+n, J xPi+n,Pn,,..., y^A^+Z J Pl+n.PnJ existS. By 

()40p and (j4ip and induction arguments it follows that limj, J x'j P^ and 
\\m.u \J A2+n„ / 2;-^-Pi+n^-Pn^ exist for every j G N and thus limj, / ^ and 

linijy \/ A2+n,^ / ^^^z-^'^" uniformly convergent at a neighborhood of z = oo 
and thus on compact subsets of C\supp(/i). Corollary 12.11 and Theorem 
12.41 implv that the relations (j50p -()52p hold, where G^F are by Lemma l3.ll 
uniquely determined by lim (/ / x^'^ P^^, ^ A2+n, / xPi+^^P^^, 

V^A^ Jx'-'Pi+n^Pn^). 

Now let us take a look at the sequence of solutions of (|26|) (pi,n^,..., 
?«-i,n„)jyeN which can be considered as the sequence {{xi^n„ , h,n,, Y^-ff(xi,„^)), 
y/iJ(xi_i,„J))^gj^ , where = ±1 if y^-^^ G Then 
it follows by Proposition if (ji,n^> ■■■,Ti-i,nv) has two different limit points 
then the uniquely associated sequence of polynomials {g(n„)i f(i+n„)) has 
two different limit points. But this contradicts (|50|1 . Hence there exists 
.rtiy ) •••) f i~i,n^ ) — (f ij •••5 1)/— i) Slid the first statement of a) is proved. 

Furthermore, since (f5T]) - (f52|l hold, (t)i, is mapped by the contin- 
uous map T/ to lim (/ xP^^ , fx^'^P^^, y/h+Z I ^Pi+n, Pn,,-, y/>^2+Z 

f x''~^ Pi+n„ Pn„ ) , that is, T/ is an onto map between the two sets of accu- 
mulation points and the second statement of a) is proved. 

b) We claim that the set of accumulation points of the sequence of so- 
lutions of ([26ll is the set Xj~]; ([a2j, a2j+i]~'' U [a2j, a2j+i]~). Obviously it 
suffices to show that for given t) = (r)i, t);_i) G Xj~^ ([a2j, a2j+i]~*' U 

[a2j,a2j+i]") there exists a sequence := (pi,n,, •••,f«-i,nJi.eN of ^ 
such that limj^ = t). Since l,a;i(oo), a;;_i(oo) is linearly independent it 
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follows by Kronecker's Theorem [319] that any sequence (— na;(oo) + c)neN, 
where c = (ci,...,q_i) is an arbitrary constant, is, modulo 1, dense in 
[0, l]'"-*^. Thus by the equivalence of ([H]) and (f26|) (— n JT^f + c)„,gN is 
modulo periods Bj^, dense in Jac where the constant c = (ci, 
is given by that part of the RHS of (j26|) which does not depend on n and 
where we have put (f = {tpi, tpi^i),. Hence there exists a subsequence 
(riu) of natural numbers such that 

(53) I —n,y / (/? + c I — A{t)) modulo periods Bj/., 

\ J -co J u&i 

where A is the Abel map from (|27p . On the other hand to the sequence 
(-fn^)i^GN of orthonormal polynomials there exist points = (fi.n^i ■■■^ll-i,n^] 
such that ([26|) holds, that is, that 

/+00 
(f + c modulo periods 
-oo 

By ()53p and the bijectivity of A the assertion follows. □ 

Remark 3.3. If one wants to get rid of the Riemann-surface the home- 

omorphism from Theorem 13.21 a) may be written also as the map from 

A ■■= {((?/i,(5i), {yi-i,5i-i)) : yj G [a2j, a2j+i], 6j G {-l,l}if?/j G 

(^2^; «2j+i) and 5j = if yj G {02^,02^+1} for j = 1, / — 1} into the set of 

accumulation points of the sequence (/ xP^, J x'^^P^, A2+n / ^^^^Pi+n 

Pn,..., x/A^ / x'-lPl+n Pn) „gN, where ((yi, 5i), (y/_i, (^i_i)) 1-^ (/x 

nlrr^ _dx_ C rrl-^ r('y\ C xF{x) dx r x'-^F{x) dx \ 

^y-^> h{x)' ■■■^ J ^y-^) h{x)^J 2 2 

Corollary 3.4. Suppose that the harmonic measures l,uJi{oo), ...,u}i-i{oo) 
are linearly independent over Q. Then the following statements hold: 

a) The set of limit points of the associated measures see ([39|) . 
with respect to weak convergence is the set of measures 

2>rnfc\((-ft) u 2 m'Ait-'Ji))..,, 

Vj G [a2i, a2i+i], (^j G {±1} for j = 1, / - 1} . 

b) Lets be the map associated with coefficient stripping, i.e. s(/i) = 
Then 5{Q) C Q and for every /j, £ G the orbit under composition {5^{^) : 
n G N} is dense in Q with respect to weak convergence. 

Proof, a) By (j39p on compact subsets of C \ [ai, 021] 

-dfJ-^ - V M+n ^ f X - TT^ h 0(ij 
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In the proof of Theorem l3.2l we have shown that for each y{yi, 6i^/H{yi), 
iui-i, ^i-i^i \/ H{yi^i))^ there is a sequence {uy) such that 

5(n„) — > G and /(i+„,) — > F, 
where G and F are given by (I49p . Since 
/(i+„)(z)-/HX^_ 1 f 1 



25(n)(^) 27r Z - t 

the assertion foUows. 

b) The invariance with respect to coefficient stripping has been proved in 
[16^ Theorem 5]. Applying part a) to £ G the assertion follows. □ 

The set of Jacobi matrices associated with the set of measures Q is called 
the isospectral torus nowadays. 

4. Accumulation points of zeros outside the support 

It is well known that polynomials orthogonal with respect to a measure 
a may have zeros in the convex hull of supp(o"), that is, in the case under 
consideration in the gaps [a2j,a2j+i],j € {1,...,/ — 1}. The same holds for 
the Weyl solutions Q„. 

Notation 4.1. Let (rij) be a strictly monotone increasing subsequence of the 
natural numbers and let (fn ) be a sequence of functions. We say that a 
point y is an accumulation point of zeros of {fnj ) if there exists a sequence 
of points (yj) such that fujiyj) = and limyj = y. As usual, y is called a 

limit point of zeros of (yj) if Ue{y) \ {y}, e > 0, contains an infinite number 
of y/s. 

Lemma 4.2. Let a he a positive measure with supp((T) hounded and suppose 
that < const < A„, for n > no. Then the following pairs of sequences have 
no common accumulation point of zeros on M\supp(cj) : (Pnj) o-n-d ), 
(Qn,) and (Qi+„J, and (P„J and (Q„J. 

Proof. Since the three sequences (PnQn), {PnQn+i) and (Pn+iQn) are nor- 
mal families on M\supp(/i), see (jl8p - (l20p . they are equicontinuous. Thus the 
assertion follows by the well known relation 

PnQn+l — QnPn+l = — 1- D 

By the way that (Pnj) and (Pi^nj) have no common accumulation point 
ii y ^ supp((t) follows also from [5]. Thus y, y ^ supp a, is an accumulation 
point of zeros of (Pn^) ((Qn^)) if and only if y is a common accumulation 
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point of zeros of (Pn^QnJ and {Pn^Ql+n^) (of (Pn^Qn^) and (Pl+n^QnJ)- 

In the following it will be convenient to use this way of expression. 

Theorem 4.3. Let n be given by ([8]) with w G Sz(ii^). Then 
(54) 

lim^y xP^^dfi,..., j x^'^ Pl^dn, ^/M+Z j xPi+n^Pn,dfi, 

j X^~^Pi+n,,Pn,,dfJ^ 

_ ( [ ^ dx f i-i^/ X dx f xF{x) dx f x'^^F(x) dx 

where G and F are defined in (H9l) . ((yi,5i), (y^-i, G X!^^ 

{{{a2j,a2j+i)\supp{fi)) X ({±1})), if and only if for j = 1, — l the point 
Vj ^ {0'2j, 0'2j+i)\supp{fj,), is a common accumulation point of zeros of 

{Pn^Qn,^ and (P(i+5^.)/2+n. Q (1-5,) /2+nJ , ^ {±1}- 

Proof. Necessity. In the proof of the sufficiency part of Theorem I3.2fe i) we 
have shown that relation (j54|) implies with the help of Corollarv 12.51 that the 
relations ([Sn|) hold. Moreover by ([HUj) the 6j^n„ 's from ([^^ satisfy 6j^n„ — > 

6j, j = l,...,l — 1, where 6j G {—1,1}, since every zero of G lies in the 
interior of the gaps. Taking a look at the three limit relations (|21|) . (|36p 
and (|37|) in conjunction with (j29|) the assertion is proved using Hurwitz's 
Theorem [S] about the zeros of uniform convergent sequences of analytic 
functions. 

Sufficiency. First let us note that for any subsequence (n^) of {n^) for 
which the limit in (|2ip . (j36p and ()37p exists the limit functions lim^ 9(n„) = C 
and lim^ = -F are monic polynomials of degree / — 1 and /, respec- 

tively, which satisfy, using the assumption and Hurwitz Theorem, G{yj) = 
and F{yj) = 5j-s/H{yj) for j = 1, I — 1. Thus G and F, recall ()30j) . are 
unique; in other words the limit of all three sequences {Pn^Qn^j^ {Pn^Qi+n^) 
and {PiJ^n^ Qn^)) exists uniformly on and is given by G and F which proves 
by p^ - ([20|) . taking into consideration the last relation from (f5T|) and ([52]) 
respectively, the sufficiency part. □ 

Combining Theorem l4.3l and Theorem l3.2l b) we obtain immediately (for a 
wider class of measures) a result of the author |17> Theorem 3.9] concerning 
the denseness of zeros of (P„) in the gaps. For absolutely continuous, smooth 
measures the existence of a sequence (rij^) such that {Pn^) has no zeros in 
the gaps was shown first in [30j . 

5. Consequences for the recurrence coefficients 

First let us demonstrate how to express Theorem 14.31 in terms of limit 
relations of the recurrence coefficients and of the accumulation points of 
zeros of {Pn) and (Qn)- It is well known that j x^ P^ and ^y Xn+2 J x^ Pn+i 



18 



F. PEHERSTORFER 



Pn, j £ N, can be expressed in terms of the recurrence coefficients using the 
recurrence relation of the PnS, e.g. 



xPn = On+l, / x'^Pn = Xn+2 + O^+l + An+1, ... 



and 



V Xn+2 J xPn+lPn — An+2, V J a^^^n+l-Pn — A„+2(an+2 + "n+l), ••■ 

for a closed formula see [U] . Solving the system of equations (recall Lemma 

EH) 

(55) / x^G{x)^ = lim / x^Pl j = 0,...,l- 1, 

Je Hx) V j 

respectively, 

(56) / x^F{x)^ = lim2yA^ f x^Pi+„,P„, j = 0, I - 1 
Je Kx) ^ J 



with the help of ()44p and (|45p we obtain explicit expressions for the coeffi- 
cients of G{x), respectively, F{x) in terms of the coefficients Cj of the series 



expansion of 1/ ^JIJ{z), see (|44p , and of the accumulation points of the re- 
currence coefficients. This enables us to write condition (j54p of Theorem 14. 31 
in terms of accumulation points of recurrence coefficients and of zeros only. 
Let us demonstrate this for the case of two and three intervals. 

Corollary 5.1. Let E = [01,02] U [03,04], d^i = w{x)dx with w G Sz(£'), 
and let 6 £ {il}- Then y,y £ (02,03), is a common accumulation point of 
{Pn.Qn,) and (P(i+5)/2+n,Q(i-5)/2+nJ if and only if 

(57) limai+„^ = -y + ci and lim A2+n, = y{ci - y) + C2 - c\ - 5^/H{y) 

V V 

Furthermore, for every {y,S) £ (02,03) x {—1,1} there exists a subse- 
quence (uu) of the natural numbers such that (|57|) holds, if E is not the 
inverse image under a polynomial map. 

If E is the inverse image under a polynomial map of degree N then for 
each 6 = 0, A^ — 1, either {PuN+b)n&i or (Q,yiv+f,)neN has an accumulation 
point of zeros at the zero y of the b—th associated polynomial p^^_i which 
lies in (02,03). The limits of (ai+^N+b) and {X2+uN+b) are given by (fSTll . 
where 5 = ^1 if y is an accumulation point of zeros of (PuN+b), respectively, 

of (QuN+b)- 



Proof. Solving the system (j55p and (j56p of equations we obtain that 
(58) G{x) = X -|- lim ai+n^ — ci and F{x) = x^ — cix + 2 lim A2+n^ + — C2 

U V 

By (|49p and the statements of Theorem 14.31 the assertion follows, if E is 
not the inverse image. 

In the case when E is the inverse image under a polynomial see |19j . □ 
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In the case when E = [ai, 02] U [03, 04] U [as, 05] the solution of the system 
of equations (f55j) and (f56|l yields 

(59) 

G{x) = + {ai+n^ - Ci)x + A2+„„ + Xl+n^ + ai+„^ - ai+n^Ci + Ci - C2 
F{x) = - CiX^ + (2A2+n, + - C2)x + 2A2+„, (d2+„, + ai+n, - Ci) 
- (cf - 2C1C2 + C3) 

where tilde denotes the limits, that is, ai+n^ ■= lim ai+n^, •••• Equating 

u 

coefficients with the polynomials in (I49p gives easily the condition on the 
limits of the recurrence coefficients such that yj, yj £ {a2j,a2j+i),j = 1,2, 
are common accumulation points of zeros of {Pn^Qn^) and {P(^i^Sj)/2+n„ 
Q{i+5,)/2+n,),j = 1,2, for given 6j E {±1}, j = 1,2. 

To obtain a complete picture of the behaviour of the accumulation points 
of the recurrence coefficients let us first show that there is a unique corre- 
spondence to that ones of the moments of the Green's functions. 

Proposition 5.2. a) Let m G N, (x„,ym) := (2;[2t]+i, x_[m_^]^p 
2/[:ri_il]+2' •••'^2, ...,y_[HL]+2), ujhere Xj,yj G M, and put for k,j G Nq, j > k, 

Ij,k -^j,fc(^m5 ym) — ^ ^ Z{),k\^k\,k\+k2---^k\+...+kj-\,ki+...+kj 

(60) -l<fc,<l 

i=l,2,...,j, 

X/i — 1 ^i—^ 



where 



Zk,j 



' \/yj+i k = j -I 

Xj+i k = j 

_ ^/yj+2 k = j + l 



Then 

Tm 



t,2m 



) I > {h,0, \/mh,l, h,0, Vmh^, Imfi, \/y2lm,l) 

is a continuous one to one map. 

b) Let a be a positive measure and suppose that (ai+„(d(T), A2+n(c^o')) 
is bounded and {X2+n{d(^))neN is bounded away from zero. Let m £ N be 
fixed, and put {af_^^{da), X^^„{da))neN ■= (a[™]+i+„(dcr), ai+n{da), 

a_[rn^]_^_l_^_n{da), A[mzil]+2+n(^^)' ^2+nida), A_[m]+2+n(d0"))„gN- 

Then for n > m 



X„((Q!^„((icr), A^„(dcr)) = ( j xP^da, y^^ljda) j xP„Pi+nda, 

"'P^da, Vh+n{da) j X^PnPl+ndd) 



(61) 



and Xm is a homeomorphism between the set of accumulation points of the 
two sequences. 
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Proof, a) First let us note that by (i60|) Ij^k, k G {0,1}, j G {l,...,m}, 

depends on the variables (xj , yj ) only and that 

(62) 

1 

W ?/i + ei(xm-i,ym-i) if m is even 



X / m— 1 

2 



)+i n 2/i + e2(xm-i,ym-i) if m is odd 



since in (|6Up the lowest possible indices i of Xj , yi appear only for the choice 
{ki,...,km) = (— 1, — 1, 1, 1), where =Fl appears m/2— times, respec- 
tively for (—1, —1,0, 1, 1) where =Fl appears (m — l)/2 times. By the 
way, the highest possible indices are obtained by reversing the order, that is, 
for the choice (1, 1, —1, —1), respectively, (1, 1, 0, —1, —1) which 
is needed later. 

Furthermore for m > 1 



(63) 



Xf+i n + e3(xm-i,ym-i) if m is even 



1=3 



2/!ztzi+2 n yi + e4(xm-i,ym-i) if m is odd 



i=3 



since in (f60|) the highest possible indices i of Xi, yi appear only for the choice 
(fci, km) = (1, 1, 0, —1, —1), where +1 appears m/2 and —1 appears 
(m — 2)/2 times, respectively, for (1, 1, —1, —1) where ±1 appears (mi 
l)/2 times. Now we are able to prove the assertion, that is, 

(64) Xm(xm, ym) = 'Im{im,ym) implies (x^, y^) = (Xm, Ym) 

by induction arguments with respect to m. Since Ij^k, k G {0, 1}, depends for 
J = 0, m — 1 on (x^-i, ym-i) only it follows by the induction hypothesis 
that 

(65) (xm_i,ym-i) = (x„t-i,ym-i) 
Thus it remains to be shown that 

(66) a;±[f ]+i = ^±[f ]+i and y^[!f]+2 = ^Tlf ]+2 
if m is even, respectively odd. Since by (j64|) 

-^m,o(Xm) ym) — Imfiip^miYm) and /rrt,! (Xm, ym) — Imyli^^rmYm) 



it follows by (j62j) and (j63j) in conjunction with (|65|) that (|66j) holds and thus 
part a) is proved. 

b) In [l^ it has been shown that, n > j, 



(67) 



X^PnPk+ndcr 



ACCUMULATION POINTS OF RECURRENCE COEFFICIENTS 21 

which gives (I6ip . By the assumptions on the recurrence coefficients it 
fohows that the set of accumulation points is a compact set contained 
in M*" X and thus its image under 1^ is a compact set contained 
in the range of Im, which is by <^7\i and continuity of Im equal to the 
set of accumulation points of (/ xP^da, Y^A2+n / xPnPi+n, J x"^P^da, 

\/ J x"^PnPl+n)neN- D 

We point out that the starting point of Proposition 15. 2h ) was formula 
()67p due to Nevai [14] . Combining Theorem 13.21 a) and Proposition 15.21 b) 
we obtain 

Theorem 5.3. Let fi be given by ([8]) with w £ Sz{E) and put {a''^^(dfi) , 
^) (^i~+^n,id^J.), X^2+nMl^^^''(^^ converges if and only if 



K-(Z-l)/2)a;fc(oo) + - / log ^^^C - 

vr Je dnj ^ 



converges modulo 1 for k = 1, — 1. Furthermore T o Ao o is 
a homeomorphism between the sets of accumulation points, where A is the 
Abel map from (|27p . r is given in Theorem \3.S\ and T is the map between 
Jac $H/M and the real torus [0, 1]'^-*^. 

b) is a homeomorphism from the set of accumulation points of 

{a''{^^{dn), A2+^„((i/i))„gN into the torus Xj^^ ([02^,02^+1]+ U [02^, a2j+i]"), 
if l,u}i{oo), ...,uji-i{oo) are linearly independent over Q. 

Proof, a) By Proposition 15.2b ) and Theorem 13.21 a) the sequence 
(a:l+^„^, AfjI^^^J^gN converges if and only if (ji,„,, j:/-i,„J,.gn converges, 
where (yi,n„, ...,yz_i,n^) is given by (f26l) . Next let us recall that, by the form 
of Jac and the bijectivity of the Abel map A, for every (fi, ...,ft_i) G 
Xjli ([a2j,a2j+i]+U[a2j,a2j+i]~) there is an unique (ii, ti_i) G [-1/2, 1/2]'"^ 
such that 

(69) ^(yi,...,R_i) = (Bij) ((ti,...,t;_i)* + (mi,...,m,_i)*) 
where G Z. Using ()23p we obtain 

K=l \ j = l J j = l •'^*3,nv K=l 

with tK,n^ G ["1/2, 1/2] for k = 1, I — 1, hence 

1 

(70) = 2 X^'^J>^^«(^J>'') modulo 1 



22 



F. PEHERSTORFER 



Since, by ([MD, (?i,n,, J/~i,nJi/GN converges if and only if tz_i,„J,,gN 
converges modulo 1 the assertion follows by (fTH) and (|70l) . 

b) Follows immediately by Theorem 13.21 b) and Proposition 15.21 b). □ 

Moreover under the assumptions of Theorem 15.31 b) the number of ac- 
cumulation points of the recurrence coefficients is infinite, which has been 
proved for the isospectral torus in fl2] already, see also [11] . 

Corollary 5.4. Let {riy) he such that {ol{~j^^ {d^)^X^^_^^ {dlj))y^n converges. 
Then the sequence {n^j^i — njy)jj^^ is unbounded ifl,uJi{oo), ...,a;;_i(oo) are 
linearly independent over Q. 

Proof. By ()12p and Theorem 15.31 a) we get that the RHS of the system of 
equations A: = l, — 1, 



tends to zero, where m/j , nj^+i , , S Z. Assume that {jiyj^i — n^) is 
bounded and thus that the LHS takes on modulo 1 a finite number of values 
only and is not equal to zero, since 07^(00) must not be rational, which yields 



In particular Theorem 15.31 holds true for measures from the isospectral 
torus and thus holds true even for measures, whose recurrence coefficients 
satisfy (|10p , which are described in |20j . Therefore it looks like we could have 
restricted to the isospectral torus. The problem is that for accumulation 
points of zeros which is the other main point of our studies there are no 
corresponding statements like (|10p available. 

Thus the sequences {n^) for which the recurrence coefficients {a^^^^{diJ.), 

^2+nvidfi))uen converge are determined by the harmonic measures E, only 
the values of the accumulation points depend on /i. We believe that the 
property " {a.''{^^^{da), Agl^^^^ ((ic7))yeN converges if and only if {n^uj{oo))uen 
converges modulo 1" holds for a wide class of measures a whose essential 
support is E; loosely speaking that it is the counterpart of the measures 
whose essential support is a single interval and for which the recurrence 
coefficients converge, for instance as in Rakhmanov's [24J and Denisov's [3] 
case. 

As an immediate consequence of Thm. 15.31 and Prop. 15.21 in conjunction 
with Cor. 12.51 we obtain 

Corollary 5.5. The Green's functions {G{z,ni^,ni^))^^^ and {G{z,l + n^, 
'>T'u))u€Nj defined in (jl8|) and p9|) . converge simultaneously uniformly on 
compact subsets of Q if and only i/ (n,yCj(cx))),ygN converges modulo 1. 



(71) 




the desired contraction. 



□ 
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Theorem 5.6. The following statements hold for the recurrence coefficients 
of any measure /x of the form dHj) with w £ Sz{E). a) For every A; € Z 
lim(ai-\+„_^,A^+„J exists if \i^{a^{-^^^,X^^_^^^) exists. 

b)Put (ai+\+(„^),Al+2+K)) := lim(Q:i-\+„^ , A^+„J. The limits are 
related to each other by 

where is a continuous map on M'^^ xM^iT"^ which does not depend on fi and 
■ip^ denotes the k-th composition. (Note that ri~^ o o ry, where r] = T.^\ o r, 
maps the corresponding points on the torus to each other). 

c) The orbit {ip'^ {{a^-^^^^ )j ^2+{n„))) '■ ^ ^ ^0} is dense in the set of ac- 
cumulation points of the sequence {cx''^^, X'2^^)nen if ^,^^1(00), ...,u}i^i{oo) 
are linearly independent over Q. 

Proof. Part a) follows by Proposition 15.21 b) and the fact that by (j40p and 
(HTI) the limits lim f x^P^ and lim iV A2+n„ f Pn,,Pi+n^ exist for every 
j e N if they exist for j = 0, I — 1. 

b) Let us first show the assertion for A; = 1. Taking a look at {pL~^^^_^ y ■^3+(n^)] 
we see that we have to show only that 



where /, g are continuous functions. By (j4ip and Proposition 15.21 b) 

lim ^ A2+n, y x^Pi+n^Pn, = hi{a[:^^^^^y x[^(^.^^^)) 



and thus by (j63j) . recall ([6] 



limai+i+„^ =/i(^i+K)' V(n.))> respectively, 



if / is even, respectively, I is odd. 

Next let us observe that by ()60|) and (l67|l for n > Z 
(74) 



/ 



n Ai + ei(a 

-^2+71) ^ is 6'^^^ 

i=n+3 

a(i^)+2+n n + e2(Ai^+2+n' "'l+n' ^2+n) if ' is odd, 

i=n+3 
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where ei,e2 are continuous functions. By (HT]l . ([711) applied to / — 1, and 
Proposition 15.21 b) it follows that 

/i2(ai^+2+K)' o^i+K)' if ^ ^^^^^ 

Thus by ([TID and ([TSD we obtain that 

limA|_^2+n. =52(ai+^(„^),A2+^(n,)), respectively, 

limai-i^2+n, = /2("i+V.)'^2+K)) 

if I is even, respectively, I is odd, and the relations ([72]) are proved. 

For arbitrary k the statement follows immediately by iteration using in- 
duction arguments and the fact that the relations ([72p hold for any (riu) for 
which we have convergence. 

c) Since {n^u{oo) — c) — > 7 modulo 1 implies that (rii, + k)u{oo) — 

u^oo 

c — > -y + ku:{oo) modulo 1 the assertion follows by part b) and Thm. 15.31 

i^— >oo 

using the fact that the RHS is dense in [0, 1]'^-*^ with respect to k, k £ Z. □ 

The map "0 can be obtained explicitly by Corollarv 12.51 and (|67|) . at least 
for small /. Most likely Theorem 15.61 c) holds true without the assumption 
of linear independence of 1, u;i(oo), ci;i_i(oo). Note that Theorem 15.61 is 
of so-called "oracle type", see ^5j. Finally let us remark that we expect 
(investigations are on the way) that Theorem 14.31 and Theorem 15.31 hold 
true for so-called homogeneous sets E and a possible infinite set of mass 
points lying outside E and accumulating on E. 




References 

[1] N. I. Achieser and Yu. Ya. Tomcuk, On the theory of orthogonal polynomials over 

several intervals, Soviet. Math. Dokl. 2 (1961), 687 - 690. 
[2] A. I. Aptekarev, Asymptotic properties of polynomials orthogonal on a system of 

contours, and periodic motions of Toda lattices, Math. USSR Sb. 53 (1986), 233 - 

260. 

[3] J. S. Christiansen, B. Simon and M. Zinchenko, Finite gap Jacobi matrices: an an- 
nouncement, to appear in Proc. 2007, OPSFA Marseille. 

[4] S. A. Denisov, On Rakhmanov's theorem for Jacobi matrices, Proc. Amer. Math. Soc. 
132 (2004), 847-852. 

[5] S. A. Denisov and B. Simon, Zeros of orthogonal polynomials on the real line, J. 
Approx. Theory 121 (2003), 357-364. 

[6] J. S. Geronimo and W. VanAssche, Orthogonal polynomials with asymptotically peri- 
odic recurrence coefficients, J. Approx. Theory 46 (1986), 251-283. 

[7] E. Hlawka, J. Schoissengeier, R. Tascher, Geometric and analytic number theory. 
Springer, Berlin, 1991. 

[8] A. Hurwitz and R. Courant, Allgemeine Funktionentheorie und elliptische Funktio- 
nen. Springer, Berlin, 1964, 4-te Auflage. 

[9] J. F. Koksma, Diophantische Approximationen, Springer, Berlin, 1936; reprint 1974. 



ACCUMULATION POINTS OF RECURRENCE COEFFICIENTS 



25 



[10] M. G. Krein, B. Ya. Levin and A. A. Nudclman, On special representations of polyno- 
mials that are positive on a system of closed intervals, and some applictions, in Lev. 
J. Leifman, Ed., Functional Analysis, Optimization and Mathematical Economics, 
Oxford University Press, 1990. 

[11] A. I. Lukashov, Circular parameters of polynomials orthogonal on several arcs of the 
unit circle, Sb. Math. 195 (2004), no. 11-12, 1639-1663. 

[12] A. Lukashov and F. Pchcrstorfer, Automorphic orthogonal and extremal polynomials, 
Canad. J. Math. 55 (2003), no. 3, 576-608. 

[13] A. Magnus, Recurrence coefficients for orthogonal polynomials on connected and non- 
connected sets, in: L. Wuytack, Ed., Fade Approximation and its Application, Lecture 
Notes in Math. 765 (Springer, Berlin, 1979), 150-171. 

[14] F. Nevai, Orthogonal polynomials, Mem. Amer. Math. Soc. 18 (1979), no. 213, pp. 
185. 

[15] W. F. Osgood, Lehrbuch der Funktionentheorie, Vol. II, reprint, Chelsea Publ. Co., 
New York, 1965. 

[16] F. Feherstorfer, On Bernstein-Szego orthogonal polynomials on several intervals, 

SIAM J. Math. Anal. 21 (1990), 461-482. 
[17] F. Feherstorfer, Zeros of polynomials orthogonal on several intervals. Int. Math. Res. 

Not. 2003, no. 7, 361-385. 
[18] F. Feherstorfer, Asymptotic representation of Loo-minimal polynomials on several 

intervals, manuscript. 

[19] F. Feherstorfer, Accumulation points of zeros outside the support-the asymptotically 
periodic case, manuscript. 

[20] F. Feherstorfer and F. Yuditskii, Asymptotic behaviour of polynomials orthonormal 
on a homogeneous set, J. Anal. Math. 89 (2003), 113-154. 

[21] F. Feherstorfer and P. Yuditskii, Remark on the paper "Asymptotic behavior of poly- 
nomials orthonormal on a homogeneous sef , arXivmath.SP/0611856 

[22] O. Perron, Irrationalzahlen, Goschens Lehrbiicherei, Walter de Gruyter Verlag, Berlin 
und Leipzig, 1921 

[23] E. A. Rakhrrianov, Convergence of diagonal Pade-approocimants, Math. USSR-Sb. 33 
(1977), 243-260. 

[24] E. A. Rakhmanov, On the asymptotics of the ratio of orthogonal polynomials II, Math. 

USSR-Sb. 46 (1983), 105-117. 
[25] C. Rcrriling, The absolutely continuous spectrum of Jacobi matrices, arxiv.org/abs/ 

0706.1101 

[26] B. Simon, Orthogonal polynomials on the unit circle, Part 2: Spectral theory AMS 

Colloquium Series, American Mathematical Society, Providence, RI, 2005. 
[27] B. Simon, Szego's Theorem and its descendants: Spectral Theory for L2 perturbations 

of orthogonal polynomials, book manuscript, in preparation. 
[28] M. Sodin and P. Yuditskii, Almost periodic Jacobi matrices with homogeneous 

spectrum, infinite dimnesional Jacobi inversion, and Hardy spaces of character- 

automorphic functions, J. Geom. Anal. 7 (1997), 387-435. 
[29] G. Springer, Introduction to Riemann surfaces, Addison- Wesley, Reading, ALV 1957. 
[30] S. P. Suetin, Uniform convergence of Pade diagonal approximants for hyperelliptic 

functions, Sbornik: Mathematics 191 (2000), 1339-1373. 
[31] S. P. Suctin, Trace formulae for a class of Jacobi operators, Sbornik: Mathemtics 198 

(2007), 857-885. 

[32] G. Teschl, Jacobi Operators and Completely Integrable Nonlinear Lattices, 

Math.Surv.Monographs 72, Amer.Math. Soc, Providence, R.I., 2000. 
[33] P. Turchi, F. Ducastelle and G. Treglia, Band gaps and asymptotic behaviour of 

continued fraction coefficients, J. Phys. C 15 (1982), 2891-2942. 
[34] H. Widom, Extremal polynomials associated with a system of curves in the complex 
plane. Adv. Math. 3 (1969), 127-232. 



